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In this work, we investigate the gauge invariant cosmological perturbations up to second order.
We show that there are infinite families of gauge invariant variables at both of the first and second
orders. The conversion formulae among different families are shown to be described by a finite
number of bases that are gauge invariant. For the second order cosmological perturbations induced
by the first order scalar perturbations, we represent the equations of motion of them in terms of the
gauge invariant Newtonian, synchronous and hybrid variables, respectively.
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2I. INTRODUCTION
The gauge invariance is known as an important concept in the cosmological perturbation theory. At first
order, the gauge invariant variables were introduced for the first time by Bardeen in 1980s [1]. Since then,
they have been widely utilized to study the cosmological fluctuations [2], for example, the anisotropies in
the cosmic microwave background and the large scale structures, which have been precisely measured in the
past decades [3]. For the second order cosmological perturbations, the gauge invariance has also been studied
recently, and a quantity of gauge invariant variables have been constructed [4–10]. In addition, it is believed
that the gauge invariance is available to study the higher order cosmological perturbations [11].
However, the things changed recently when one studied the second order gravitational waves [12–15],
which are induced by the first order scalar perturbations [16–32]. As a physical observable, the energy
density spectrum of the second order gravitational waves has been shown to be gauge dependent [33–38].
One possible explanation is related to the gauge fixing, which may give rise to the fictitious perturbations
[35]. Therefore, one may resolve this problem by constructing the gauge invariant variables [4–10]. The
other explanation is related to the definition of the physical observable, which has been suggested to be
defined in the synchronous frame [38]. However, in such a framework, the concept of gauge invariance was
suggested to be necessarily abandoned, since it is impossible to truly construct the gauge invariant second
order synchronous variables [39].
In our opinions, the gauge invariance could be reserved when one studies the second order cosmological
perturbations, in particular, the second order gravitational waves. On the one side, the power spectrum as
the physical observable should be gauge invariant. Otherwise, it could take an arbitrary value if we choose
an appropriate gauge fixing. On the other side, the gauge invariant synchronous variables can be reasonably
defined for the induced gravitational waves at second order, though they are ill-defined for the second order
scalar and tensor perturbations. In this sense, the energy density spectrum of the second order gravitational
waves could be well defined, as will be studied in a companion paper [40].
In this work, we will investigate the gauge invariance of the second order cosmological perturbations by
following the Lie derivative method [4–8]. The gauge invariant variables of any order can be systematically
constructed in such a method. We will study the gauge invariant Newtonian (i.e., Bardeen’s) and synchronous
variables at first and second orders. In particular, for the first time, we will construct the so-called gauge
invariant hybrid variables, i.e., Newtonian at first order while synchronous at second order, and vice versa.
Further, we will find the conversion formulae among different families of gauge invariant variables. Finally,
we will derive the gauge invariant equations of motion of the second order cosmological perturbations by
adopting the scalar-vector-tensor decomposition [41]. To accomplish it, we will decompose the gauge invariant
perturbed Einstein field equations into the scalar, vector and tensor components.
The remainder of the paper is arranged as follows. In Section II, we introduce the gauge transformations
and the gauge invariant variables following the Lie derivative method. In Section III, we revisit the gauge
invariant first order variables in such a method. In Section IV, we present explicit expressions of the gauge
invariant second order variables and study the conversion formulae among different families of gauge invariant
variables. In Section V, the equations of motion of the cosmological perturbations are presented in terms of
the gauge invariant Newtonian, synchronous and hybrid variables. Finally, the conclusions and discussions
are summarized in Section VI. In addition, we list a total of seven appendices.
II. GAUGE TRANSFORMATION AND GAUGE INVARIANT VARIABLES
A. Gauge transformation of an arbitrary tensor
In cosmology, a gauge transformation of the cosmological perturbations starts from an infinitesimal trans-
formation of coordinate xµ → x˜µ in space-time. The expansion of x˜µ up to second order is given by
x˜µ = xµ + ξ(1)µ +
1
2
ξ(2)µ +O(ξ(3)), (1)
3where ξ(1)µ and ξ(2)µ are the first and second order expansions of x˜µ, respectively. For a generic tensor Q,
to second order, the infinitesimal transformations are shown to be [4]
Q˜(0) = Q(0), (2)
Q˜(1) = Q(1) + Lξ1Q(0), (3)
Q˜(2) = Q(2) + 2Lξ1Q(1) + (Lξ2 + L2ξ1)Q(0), (4)
where we have let ξµ1 ≡ ξ(1)µ and ξµ2 ≡ ξ(2)µ − ξ(1)ν∂νξ(1)µ, Q(n) denotes the n-th order perturbation of the
tensor Q, and Lξ is Lie derivative along the infinitesimal vector ξ. An introduction to the Lie derivative
is shown in Appendix A. We briefly summarize the derivations of Eqs. (2)–(4) in Appendix B. As shown
in Eq. (2), the gauge transformation we discussed is limited to the infinitesimal transformation that has no
influence on the background.
B. Gauge invariant metric perturbations
Based on Eqs. (3) and (4), the infinitesimal transformations of the first and second order metric perturba-
tions are presented as
g˜(1)µν = g
(1)
µν + Lξ1g(0)µν , (5)
g˜(2)µν = g
(2)
µν + 2Lξ1g(1)µν + (Lξ2 + L2ξ1)g(0)µν . (6)
If we introduce the gauge invariant metric perturbations via g
(GI,i)
µν ≡ g(i)µν − C(i)µν (i = 1, 2 for example), by
making use of Eqs. (5) and (6), we could rewrite the counter terms C
(i)
µν in terms of the infinitesimal vectors
Xµ and Y µ, namely,
g(GI,1)µν = g
(1)
µν − LXg(0)µν , (7)
g(GI,2)µν = g
(2)
µν − 2LXg(1)µν − (LY − L2X)g(0)µν , (8)
where
X˜µ = Xµ + ξµ1 , (9)
Y˜ µ = Y µ + ξµ2 + [ξ1, X]
µ. (10)
We present the derivations of Eqs. (7)–(10) in Appendix C. These formulae could also be found in Refs. [8,
42, 43]. Recently, they have been used in cosmology [8, 43] and in the post-Newtonian formalism [44].
Based on Eqs. (9) and (10), the infinitesimal vectors Xµ and Y µ could be independent of the metric
perturbations in principle. At first order, Bardeen has constructed the gauge invariant variables in terms of
the metric perturbations [1]. Therefore, we limit our investigations to the case that both Xµ and Y µ are
expressed in terms of the metric perturbations in the following.
C. Gauge invariant perturbations of the energy-momentum tensor
In the aspect of matter perturbations, we adopt the infinitesimal transformation in Eqs. (3) and (4) to
obtain the perturbed energy-momentum tensors, i.e.,
T˜ (1)µν = T
(1)
µν + Lξ1T (0)µν , (11)
T˜ (2)µν = T
(2)
µν + 2Lξ1T (1)µν + (Lξ2 + L2ξ1)T (0)µν . (12)
The gauge invariant perturbed energy-momentum tensors can be given by
T (GI,1)µν = T
(1)
µν − LXT (0)µν , (13)
T (GI,2)µν = T
(2)
µν − 2LXT (1)µν − (LY − L2X)T (0)µν , (14)
4In the above formulae, it should be noticed that the energy-momentum tensors are not in a special status.
In general, any of the gauge invariant tensors could be formulated in the same form as Eqs. (13) and (14),
i.e.,
Q(GI,1) = Q(1) − LXQ(0), (15)
Q(GI,2) = Q(2) − 2LXQ(1) − (LY − L2X)Q(0). (16)
D. Gauge invariant Einstein field equations
We have already known that the gauge invariant perturbed Einstein field equations have the same form
as the conventional ones [2, 43]. This can be explicitly shown by expanding the Einstein field equations,
Gµν = κTµν , namely,
0 = Gµν − κTµν
≈ G(0)µν − κT (0)µν +G(1)µν − κT (1)µν +
1
2
(G(2)µν − κT (2)µν )
= G(0)µν − κT (0)µν + (G(GI,1) − κT (GI,1)µν + LX(G(0)µν − κT (0)µν ))
+
1
2
(G(GI,2)µν − κT (GI,2)µν + 2LX(G(1)µν − κT (1)µν ) + (LY − L2X)(G(0)µν − κT (0)µν )), (17)
where Gµν is Einstein tensor, κ ≡ 8piG, and G is the gravitational constant. We could separate Eq. (17)
order by order to obtain
G(0)µν = κT
(0)
µν , (18)
G(GI,1)µν = κT
(GI,1)
µν , (19)
G(GI,2)µν = κT
(GI,2)
µν . (20)
The gauge invariant perturbed Einstein tensor G
(GI,n)
µν takes the same form as the conventional one G
(n)
µν . It
can be obtained by substituting the metric perturbations g
(n)
µν with the gauge invariant ones g
(GI,n)
µν . The
same situation is also true for the perturbed energy-momentum tensor T
(GI,n)
µν .
In fact, the above conclusion is obvious. It can be understood as follows. As known, the perturbed Einstein
tensor G
(n)
µν are defined with the metric perturbations g
(n)
µν . Upon the gauge transformation, the transformed
perturbed Einstein tensor G˜
(n)
µν should be written in terms of the transformed metric perturbations g˜
(n)
µν .
Based on this, since we notice that g
(GI,n)
µν in Eqs. (7) and (8) formally take the same form as the gauge
transformations, i.e., g˜
(n)
µν in Eqs. (5) and (6), the gauge invariant perturbed Einstein tensor G
(GI,n)
µν should
be defined with the gauge invariant metric perturbations g
(GI,n)
µν . As an example, we will explicitly show the
above conclusion at first order in Appendix D.
III. GAUGE INVARIANT FIRST ORDER VARIABLES FOR THE METRIC PERTURBATIONS
IN COSMOLOGY
The gauge invariant first order variables were first proposed by Bardeen [1]. As was known, Bardeen’s gauge
invariant variables have the same form as the metric perturbations in Newtonian gauge. In this section, we
will reproduce Bardeen’s formulae and further show that there are infinite families of gauge invariant variables
that are allowed.
A. Gauge transformations of the first order metric perturbations
In the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) space-time, the metric takes the form of
g(0)µν dx
µdxν = a2(η)(−dη2 + δijdxidxj), (21)
5where η and a(η) are the conformal time and the scale factor of the Universe, respectively. The metric
perturbations of n-th order can take the form of
g(n)µν = a
2
(
−2φ(n) ∂iB(n) + ν(n)i
∂iB
(n) + ν
(n)
i −2ψ(n)δij + 2∂i∂jE(n) + ∂iC(n)j + ∂jC(n)i + h(n)ij
)
, (22)
where φ(n), ψ(n), B(n), E(n) are scalar perturbations, ν
(n)
i and C
(n)
j are vector perturbations and h
(n)
ij are
tensor perturbations. For tensor and vector perturbations, the transverse or traceless conditions should be
satisfied as follows
∂iν
i(n) = 0,
∂iC
i(n) = 0,
δjk∂kh
(n)
ij = 0,
δijh
(n)
ij = 0.
(23)
These variables can be introduced via scalar-vector-tensor decomposition, which is summarized in Appendix
E.
Following Eq. (5), the gauge transformations of the scalar, vector and tensor perturbations are explicitly
shown as
g˜
(1)
00 = −2a2φ˜(1)
= −2a2φ(1) − 2a2(∂0 + a˙
a
)ξ01 , (24)
g˜
(1)
0i = a
2(∂iB˜
(1) + ν˜
(1)
i )
= a2(∂iB
(1) + ν
(1)
i ) + a
2(δij∂0ξ
j
1 − ∂iξ01), (25)
g˜
(1)
ij = a
2(−2ψ˜(1)δij + 2∂i∂jE˜(1) + ∂iC˜(1)j + ∂jC˜(1)i + h˜(1)ij )
= a2(−2ψ(1)δij + 2∂i∂jE(1) + ∂iC(1)j + ∂jC(1)i + h(1)ij ) + a2(
2a˙
a
δijξ
0
1
+(δik∂j + δjk∂i)(ξ
k
1,T + δ
kl∂lξ1,S)). (26)
Here, the spatial part of ξµ1 has been decomposed as ξ
i
1 = ξ
i
1,T + δ
ij∂jξ1,S , where we have the transverse
part ξi1,T and the longitudinal part ξ1,S . Using Eqs. (24)–(26) and the scalar-vector-tensor decomposition,
we rewrite the gauge transformations of the variables of metric perturbations as follows
φ˜(1) = φ(1) +
(
∂0 +
a˙
a
)
ξ01 ,
B˜(1) = B(1) + ∂0ξ1,S − ξ01 ,
ν˜
(1)
i = ν
(1)
i + δij∂0ξ
j
1,T ,
ψ˜(1) = ψ(1) − a˙aξ01 ,
E˜(1) = E(1) + ξ1,S ,
C˜
(1)
i = C
(1)
i + δikξ
k
1,T ,
h˜
(1)
ij = h
(1)
ij .
(27)
In the following, we will introduce the gauge invariant variable of metric perturbations by making use
of Eq. (27). Since the gauge invariant metric perturbations could take the same form as Newtonian (or
synchronous) gauge, we call them the gauge invariant Newtonian (or synchronous) metric perturbations for
the sake of presentations.
B. Gauge invariant first order Newtonian variables
Based on Eq. (7), we could obtain the gauge invariant Newtonian metric perturbations, i.e.,
g
(GI,1)
00 = −2a2Φ(1), (28)
g
(GI,1)
0i = a
2V
(1)
i , (29)
g
(GI,1)
ij = a
2(−2Ψ(1)δij +H(1)ij ), (30)
6where the gauge invariant variables are defined as
Φ(1) = φ(1) − (∂0 + a˙a )X0,
Ψ(1) = ψ(1) + a˙aX
0,
V
(1)
i = ν
(1)
i − δij∂0XjT ,
H
(1)
ij = h
(1)
ij ,
(31)
and Xi =: XiT + δ
ij∂jXS . As expected that X
µ is expressed in terms of the metric perturbations g
(1)
µν , we
can derive its formula from Eq. (29),
a2V
(1)
i = g
(1)
0i − LXg(0)0i
= a2(∂i(B
(1) − ∂0XS +X0) + (ν(1)i − δji∂0XjT )). (32)
Since the vector perturbation is transverse, it leads to
B(1) − ∂0XS +X0 = 0. (33)
By making use of Eq. (30), namely,
a2(−2Ψ(1)δij +H(1)ij ) = g(1)ij − LXg(0)ij
= a2(−2δij(ψ(1) + a˙
a
X0) + 2∂i∂j(E
(1) −XS) + (δkj ∂i + δki ∂j)(C(1)k − δlkX lT ) + h(1)ij ), (34)
and the scalar-vector-tensor decomposition, we obtain
E(1) −XS = 0, (35)
C
(1)
k − δlkX lT = 0. (36)
Based on Eqs. (33), (35) and (36), Xµ can be given by
X0 = ∂0E
(1) −B(1),
Xi = δik(C
(1)
k + ∂kE
(1)).
(37)
Therefore, we rewrite the gauge invariant variables as
Φ(1) = φ(1) − 1
a
∂0(a(∂0E
(1) −B(1))), (38)
Ψ(1) = ψ(1) − a˙
a
(∂0E
(1) −B(1)), (39)
V
(1)
i = ν
(1)
i − ∂0C(1)i , (40)
H
(1)
ij = h
(1)
ij . (41)
This implies that the gauge invariant variables proposed by Bardeen [1] can be reproduced by making use of
Lie derivative method [43].
C. Gauge invariant first order synchronous variables
Based on Eq. (7), the gauge invariant synchronous metric perturbations take the form of
g
(GI,1)
00 = 0, (42)
g
(GI,1)
0i = 0, (43)
g
(GI,1)
ij = a
2(−2Ψ(1)δij + 2∂i∂jE(1) + ∂iC(1)j + ∂jC(1)i +H(1)ij ), (44)
7where the gauge invariant variables are defined as
Ψ(1) = ψ(1) + a˙aX
0,
E(1) = E(1) −XS ,
C(1)i = C
(1)
i − δikXkT ,
H
(1)
ij = h
(1)
ij .
(45)
In this case, Xµ can be determined by the form g
(GI,1)
0µ = 0 and the scalar-vector-tensor decomposition. The
result is given by
X0 = 1a
∫
dη{aφ(1)},
Xj = δji
∫
dη{ν(1)i + ∂iB(1) + 1a
∫
dη′{a∂iφ(1)}}. (46)
Then we rewrite the gauge invariant variables in the form of
Ψ(1) = ψ(1) +
a˙
a2
∫
dη{aφ(1)}, (47)
E(1) = E(1) +
∫
dη{B(1) + 1
a
∫
dη′{aφ(1)}}, (48)
C(1)i = C
(1)
i −
∫
ν
(1)
i dη, (49)
H
(1)
ij = h
(1)
ij . (50)
The above approach has been used to study the scalar cosmological perturbations in Ref. [45]. As suggested
in Ref. [38], the gauge invariant synchronous variables are not unique due to the indefinite integral in Eq. (46).
In this sense, it might be difficult to define observables with the gauge invariant synchronous variables in
Eqs. (47)–(50).
D. Conversion among different families of gauge invariant first order variables
In general, the gauge invariant variables are not limited to the forms in Eqs. (28)–(30) and (42)–(44). There
are other families of gauge invariant variables (see reviews in Refs. [7, 46]). For two different families of the
gauge invariant first order variables of metric perturbations g
(GI,A,1)
µν and g
(GI,B,1)
µν , the conversion between
them can be derived from
g(GI,A,1)µν − g(GI,B,1)µν = (g(1)µν − LXAg(0)µν )− (g(1)µν − LXBg(0)µν )
= L(XB−XA)g(0)µν . (51)
If we let ZAB1 ≡ XA −XB , Eq. (51) can be rewritten as
g(GI,A,1)µν = g
(GI,B,1)
µν − LZAB1 g(0)µν . (52)
The variable ZAB1 was mentioned by Nakamura [43]. It relates two different families of gauge invariant first
order variables of metric perturbations. In this work, we further show that the infinitesimal vector Z1 can
be expressed as a linear combination of the gauge invariant variables A(1), B(1) and C(1)i , namely,
Zµ,AB1 = Nˆ
µ
1 A(1) + Nˆµ2 B(1) + Nˆµi3 C(1)i , (53)
where Nˆµ1 , Nˆ
µ
2 and Nˆ
µj
3 are arbitrary linear operators that are irrelative to any perturbations, and we have
the gauge invariant variables,
A(1) ≡ ∂0
(a2
a˙
ψ(1)
)
+ aφ(1), (54)
B(1) ≡ ∂0E(1) −B(1) + a
a˙
ψ(1), (55)
C(1)i ≡ ν(1)i − ∂0C(1)i . (56)
8The above expressions of A(1), B(1) and C(1)i can be obtained by making use of Eq. (27).
The existence of infinite families of gauge invariant variables can also be indicated by the infinite number
of choices of Xµ. To be specific, we can extend the expression of Eq. (37) to be
X0 = ∂0E
(1) −B(1) + Z01 , (57)
Xj = δjk(C
(1)
k + ∂kE
(1)) + Zj1 . (58)
In this way, the gauge invariant metric perturbations could take a general form of
g
(GI,1)
00 = −2a2Φ(1),
g
(GI,1)
0i = a
2(∂iB(1) + V (1)i ),
g
(GI,1)
ij = a
2(−2Ψ(1)δij + 2∂i∂jE(1) + ∂iC(1)j + ∂jC(1)i +H(1)ij ),
(59)
where the gauge invariant variables are defined as
Φ(1) = φ(1) − 1a∂0(a(∂0E(1) −B(1) + Z01 )),
B(1) = Z01 − ∂0∆−1∂jZj1
Ψ(1) = ψ(1) + a˙a (∂0E
(1) −B(1) + Z0),
E(1) = ∆−1∂jZj1 ,
V
(1)
i = ν
(1)
i − ∂0C(1)i − (δik − ∂i∆−1∂k)∂0Zk1 ,
C(1)i = −(δik − ∂i∆−1∂k)Zk1 ,
H
(1)
ij = hij ,
(60)
and ∆−1 is the inverse Laplacian operator on the background.
As an example, we consider that g
(GI,A,1)
µν and g
(GI,B,1)
µν are synchronous in Eqs. (47)–(50) and Newtonian
in Eqs. (38)–(41) variables, respectively. In this case, we obtain the explicit expression of Zµ,AB1 as follows
Z0,AB1 =
1
a
∫
A(1)dη − B(1), (61)
Zj,AB1 = δ
jk∂k
∫
dη{1
a
∫
A(1)dη′} − δjk∂k
∫
B(1)dη + δji
∫
C(1)i dη. (62)
Therefore, these two families of gauge invariant variables of metric perturbations are related via the expres-
sions of the linear operators Nˆµ1 , Nˆ
µ
2 and Nˆ
µi
3 .
IV. GAUGE INVARIANT VARIABLES OF THE SECOND ORDER METRIC
PERTURBATIONS IN COSMOLOGY
In this section, the gauge invariant second order variables in cosmology will be derived in the framework
of Lie derivative method and scalar-vector-tensor decomposition. Previous similar studies can be found
in Ref. [7, 43]. Further, we will show the conversion formulae among different families of gauge invariant
variables. For illustrations, we will consider the gauge invariant metric perturbations that are Newtonian
and synchronous, respectively.
9A. Gauge transformations of the second order metric perturbations
Based on Eq. (6), the gauge transformation of the second order metric perturbations is presented explicitly
as follows
g˜
(2)
00 = −2a2φ˜(2)
= −2a2φ(2) + 2Lξ1g(1)00 + (Lξ2 + L2ξ1)g(0)00 , (63)
g˜
(2)
0i = a
2(∂iB˜
(2) + ν˜
(2)
i )
= g
(2)
00 + 2Lξ1g(1)0i + (Lξ2 + L2ξ1)g(0)0i
= a2(∂i(B
(2) + ∆−1∂jΞ0j) + ν
(2)
i + (δ
j
i − ∂i∆−1∂j)Ξ0j)
≡ a2(∂i(B(2) + ∆−1∂jΞ0j) + ν(2)i + T ji Ξ0j), (64)
g˜
(2)
ij = a
2(−2δijψ˜(2) + 2∂i∂jE˜(2) + ∂iC˜(2)j + ∂jC˜(2)i + h˜(2)ij )
= g
(2)
ij + 2Lξ1g(1)ij + (Lξ2 + L2ξ1)g(0)ij
= a2
(
− 2δijψ(2) + 2∂i∂jE(2) + ∂iC(2)j + ∂jC(2)i + h(2)ij
+
1
2
δij(δ
kl − ∂k∆−1∂l)Ξkl + 1
2
∂i∂j∆
−1(3∆−1∂k∂l − δkl)Ξkl
+∂j∆
−1∂l(δki − ∂i∆−1∂k)Ξkl + ∂i∆−1∂k(δlj − ∂j∆−1∂l)Ξkl
+((δki − ∂i∆−1∂k)(δlj − ∂j∆−1∂l)−
1
2
(δij − ∂i∆−1∂j)(δkl − ∂k∆−1∂l))Ξkl
)
= a2
(
− 2δijψ(2) + 2∂i∂jE(2) + ∂iC(2)j + ∂jC(2)i + h(2)ij +
1
2
δijT klΞkl + ∂i∂j∆−1(∂k∆−1∂l − 1
2
T kl)Ξkl
+∂j∆
−1∂lT ki Ξkl + ∂i∆−1∂kT lj Ξkl + (T ki T lj −
1
2
TijT kl)Ξkl
)
, (65)
where T lj ≡ δlj − ∂j∆−1∂l is a transverse operator, and we define
Ξµν ≡
2Lξ1g(1)µν + (Lξ2 + L2ξ1)g
(0)
µν
a2
. (66)
In Eqs. (64) and (65), we have decomposed the gauge transformation into the scalar, vector and tensor
components. Therefore, the gauge transformation of each component can be rewritten as
φ˜(2) = φ(2) − 12Ξ00,
B˜(2) = B(2) + ∆−1∂jΞ0j ,
ν˜
(2)
i = ν
(2)
i + T ji Ξ0j ,
ψ˜(2) = ψ(2) − 14T klΞkl,
E˜(2) = E(2) + 12∆
−1 (∂k∆−1∂l − 12T kl)Ξkl,
C˜
(2)
j = C
(2)
j + ∆
−1∂kT lj Ξkl,
h˜
(2)
ij = h
(2)
ij +
(T ki T lj − 12TijT kl)Ξkl.
(67)
In particular, the second order tensor perturbation is no longer invariant upon the gauge transformation.
Based on Eqs. (6), (8) and (67), we obtain the gauge invariant second order variables as follows
Φ(2) = φ(2) − (∂0 + a˙a)Y 0 + X00,
B(2) = B(2) − ∂0YS + Y 0 −∆−1∂jX0j ,
V
(2)
i = ν
(2)
i − δij∂0Y jT − T ji X0j ,
Ψ(2) = ψ(2) + a˙aY
0 + 14T klXkl
E(2) = E(2) − YS − 12∆−1
(
∂k∆−1∂l − 12T kl
)Xkl,
C(2)j = C
(2)
j − δjkY kT −∆−1∂kT lj Xkl,
H
(2)
ij = h
(2)
ij −
(T ki T lj − 12TijT kl)Xkl,
(68)
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where we define
Xµν ≡ 2LXg
(1)
µν − L2Xg(0)µν
a2
. (69)
and we have decomposed Y i =: Y iT + δ
ij∂jYS , i.e., into the transverse part and the longitudinal one. We find
that Xµν depends on Xµ which determines the gauge invariant first order variables. In Appendix F, we will
present an explicit expression of Xµν . As shown in Eq. (68), all the gauge invariant variables are expressed
in terms of Xµ and Y µ, except that the gauge invariant second order tensor perturbation H
(2)
ij only depends
on Xµ. As the explicit expression of Xµ has been known, only Y µ is undetermined in Eq. (68). Therefore,
we will show how to express Y µ in terms of the first and second order metric perturbations in the following.
B. Gauge invariant second order Newtonian variables
To obtain the gauge invariant Newtonian variables, we derive the expression of Y µ from B(2) = E(2) =
C(2)j = 0. The explicit expression of Y µ is given by
Y 0 = ∂0E
(2) −B(2) + ∆−1∂jX0j − 1
2
∆−1(∂k∆−1∂l − 1
2
T kl)∂0Xkl, (70)
Y i = δij(∂jE
(2) + C
(2)
j ) + (
1
4
∂i∆−1(∂k∆−1∂l + δkl)− δli∆−1∂k)Xkl. (71)
We find that Y µ depends on a choice of the first order variable Xµ. Therefore, the gauge invariant second
order metric perturbations turn to be
g
(GI,2)
00 = −2a2Φ(2),
g
(GI,2)
0i = a
2V
(2)
i ,
g
(GI,2)
ij = −2a2δijΨ(2) + a2H(2)ij ,
(72)
where the gauge invariant variables are defined as
Φ(2) = φ(2) − (∂0 + a˙
a
)(∂0E
(2) −B(2)) + X00 − (∂0 + a˙
a
)(∆−1∂jX0j −∆−1(3∆−1∂k∂l − δkl)Xkl), (73)
Ψ(2) = ψ(2) +
a˙
a
(∂0E
(2) −B(2)) + a˙
a
(∆−1∂jX0j −∆−1(3∆−1∂k∂l − δkl)Xkl) + T klXkl, (74)
V
(2)
i = ν
(2)
i − ∂0C(2)i + ∆−1∂kT li ∂0Xkl − T ji X0j , (75)
H
(2)
ij = h
(2)
ij − (T ki T lj −
1
2
TijT kl)Xkl. (76)
C. Gauge invariant second order synchronous variables
For gauge invariant synchronous variables, the Y µ is determined by making use of Φ(2) = 0, B(2) = 0 and
V
(2)
i = 0. The explicit expression of the Y
µ takes the form of
Y 0 =
1
a
∫
dη{aφ(2) + 1
2
aX00}, (77)
Y k = δki
∫
dη{ν(2)i + ∂iB(2) +
1
a
∫
dη{a∂iφ(2)}} −
∫
dη{δkjX0j − 1
2a
∫
dη{a∂kX00}}. (78)
Therefore, we have the gauge invariant second order metric perturbations in the form of
g
(GI,2)
00 = 0,
g
(GI,2)
0i = 0,
g
(GI,2)
ij = a
2(−2Ψ(2)δij + 2∂i∂jE(2) + ∂iC(2)j + ∂jC(2)i +H(2)ij ),
(79)
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where the gauge invariant variables are defined with
Ψ(2) = ψ(2) +
a˙
a2
∫
dη{aφ(2) + 1
2
aX00}+ T klXkl, (80)
E(2) = E(2) −
∫
dη{B(2) + 1
a
∫
dη′{aφ(2)}}
+
∫
dη{∆−1∂jX0j − 1
2a
∫
dη′{aX00}} − 1
4
∆−1(3∆−1∂k∂l − δkl)Xkl, (81)
C(2)j = C
(2)
j −
∫
ν
(2)
j dη + T kj
∫
X0kdη −∆−1∂kT lj Xkl, (82)
H
(2)
ij = h
(2)
ij − (T ki T lj −
1
2
TijT kl)Xkl. (83)
The gauge invariant synchronous variables are different from the gauge invariant Newtonian variables, except
the tensor perturbations. In both of the two cases, H
(2)
ij is completely determined by the choice of the gauge
invariant first order variables.
D. Conversion among different families of gauge invariant second order variables
Compared with the first order case in the previous section, a conversion between two different families of
gauge invariant second order variables is more complicated, since the gauge invariant second order variables
are also dependent of the choice of the gauge invariant first order variables. To be specific, for two different
families of gauge invariant second order metric perturbations g
(GI,A,2)
µν and g
(GI,B,2)
µν , the conversion between
them can be derived from
g(GI,A,2)µν − g(GI,B,2)µν = g(2)µν − 2LXAg(1)µν − (LY A − L2XA)g(0)µν − (g(2)µν − 2LXBg(1)µν − (LY B − L2XB )g(0)µν )
= 2L(XB−XA)(g(GI,B,1)µν + LXBg(0)µν ) + (L(Y B−Y A) − L2XB − L2XA)g(0)µν
= −2L(XA−XB)g(GI,B,1)µν − (L(Y A−Y B+[XA,XB ]) − L2(XA−XB))g(0)µν . (84)
If we let ZAB2 ≡ Y A − Y B + [XA, XB ] and ZAB1 ≡ XA −XB , Eq. (84) can be rewritten as
g(GI,A,2)µν = g
(GI,B,2)
µν − 2LZAB1 g(GI,B,1)µν − (LZAB2 − L2ZAB1 )g
(0)
µν . (85)
This conversion was also mentioned by Nakamura [43] in a different formula. One can easily check that both
ZAB1 and Z
AB
2 are gauge invariant by making use of Eqs. (9) and (10). The above formula is generic. It is
obvious that the gauge invariant second order variables depend on the gauge invariant first order variables,
since in general we have ZAB1 6= 0, namely, two different families of gauge invariant first order variables. This
generic case will be studied later in this section. When we take the same family of the gauge invariant variables
at first order, i.e., ZAB1 = 0, Eq. (85) can be reduced to a simpler form g
(GI,A,2)
µν = g
(GI,B,2)
µν −LZAB2 g
(0)
µν , where
ZAB2 = Y
A − Y B . For this simple case, the formula is as similar as that of Eq. (52).
We also have infinite families of gauge invariant second order variables. Similar to ZAB1 in Eq. (53), the
infinitesimal vector ZAB2 can also be expressed as a linear combination of the gauge invariant second order
variables A(2), B(2), C(2)i and D(2)σκ ,
Z0,AB2 = Mˆ
0
1A(2) + Mˆ02B(2) + Mˆ0i3 C(2)i + Mˆ0,σκ4 D(2)σκ , (86)
Zk,AB2 = Mˆ
k
1A(2) + Mˆk2 B(2) + Mˆki3 C(2)i + Mˆk,σκ4 D(2)σκ , (87)
where Mˆµ1 , Mˆ
µ
2 , Mˆ
µi
3 and Mˆ
µ,σκ
4 are four arbitrary linear operators that are irrelative to any perturbations,
12
and the gauge-invariant variables are defined as
A(2) ≡ ∂0(a
2
a˙
ψ(2)) + aφ(2) +
1
4
∂0(
a2
a˙
T klXkl) + 1
2
aX00, (88)
B(2) ≡ ∂0E(2) −B(2) + a
a˙
ψ(2) + ∆−1∂jX0j + 1
4
(
a
a˙
T kl −∆−1(3∆−1∂k∂l − δkl)∂0)Xkl, (89)
C(2)k ≡ ν(2)k − ∂0C(2)k + ∆−1∂iT lk∂0Xil − T lkX0l, (90)
D(2)µν ≡
1
a2
(2LZAB1 g(GI,B,1)µν − L2ZAB1 g
(0)
µν ). (91)
Here, we express A(2), B(2) and C(2)i in terms of Xµν , which is completely determined by XB . Based on
Eqs. (86) and (87), we can also obtain a new family of the gauge invariant second order variables by a
conversion from a given family of the gauge invariant second order variables. This prediction is similar to
that of the first order case.
We consider three typical cases in the following. In the case that g
(GI,A,n)
µν and g
(GI,B,n)
µν (n = 1, 2) are
synchronous and Newtonian, respectively, we find that Zµ,AB1 takes the form of Eqs. (61) and (62), and
Zµ,AB2 is shown to be
Z0,AB2 =
1
a
∫
A(2)dη − B(2) + 1
2a
∫
dη{aD(2)00 }, (92)
Zj,AB2 = δ
jk∂k
∫
dη{1
a
∫
A(2)dη′} − δjk∂k
∫
B(2)dη + δjk
∫
C(2)k dη
−
∫
dη
{
δjkD(2)0k −
1
2a
∫
dη{a∂jD(2)00 }
}
. (93)
Since the vectors Xµ and Y µ are independent, we can choose, e.g., the gauge invariant Newtonian variables at
the first order and the gauge invariant synchronous variables at the second order, and vice versa. First, in the
case that g
(GI,A,1)
µν and g
(GI,B,1)
µν are Newtonian while g
(GI,A,2)
µν and g
(GI,B,2)
µν are synchronous and Newtonian,
respectively, we obtain Zµ,AB1 = 0 and
Z0,AB2 =
1
a
∫
A(2)dη − B(2), (94)
Zj,AB2 = δ
jk∂k
∫
dη{1
a
∫
A(2)dη′} − δjk∂k
∫
B(2)dη + δjk
∫
C(2)k dη. (95)
Second, in the case that g
(GI,A,1)
µν and g
(GI,B,1)
µν are synchronous and Newtonian, respectively, while both
g
(GI,A,2)
µν and g
(GI,B,2)
µν are Newtonian, we find that Z
µ,AB
1 takes the same form as Eqs. (61) and (62), and
Zµ,AB2 turns to be
Z0,AB2 = ∆
−1∂jD(2)0j −
1
2
∆−1(∂k∆−1∂l − 1
2
T kl)∂0D(2)kl , (96)
Zi,AB2 = (
1
4
∂i∆−1(∂k∆−1∂l + δkl)− δli∆−1∂k)D(2)kl , (97)
which is expressed in terms of the square of the first order metric perturbations only. The above two cases
are called the gauge invariant hybrid variables.
V. GAUGE INVARIANT EQUATIONS OF MOTION OF THE SECOND ORDER
COSMOLOGICAL PERTURBATIONS
In this section, we will derive the equations of motion of the second order cosmological perturbations,
which are sourced from the first order scalar perturbations in the gauge invariant framework. For simplicity,
we will consider the gauge invariant Newtonian, synchronous, and hybrid variables that have been introduced
in the previous sections.
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A. Gauge invariant energy-momentum tensor up to second order
On the side of matter, we expand the energy-momentum tensor of the perfect fluid up to second order, i.e.,
T (GI)µν ≡ T (0)µν + T (GI,1)µν +
1
2
T (GI,2)µν +O(T (GI,3)µν ), (98)
where
T (0)µν = u
(0)
µ u
(0)
ν (ρ
(0) + P (0)) + g(0)µν P
(0), (99)
T (GI,1)µν = u
(GI,1)
µ u
(0)
ν (ρ
(0) + P (0)) + u(0)µ u
(GI,1)
ν (ρ
(0) + P (0)) + u(0)µ u
(0)
ν (ρ
(GI,1) + P (GI,1))
+g(0)µν P
(GI,1) + g(GI,1)µν P
(0), (100)
T (GI,2)µν = u
(GI,1)
µ u
(GI,1)
ν (ρ
(0) + P (0)) + u(GI,1)µ u
(0)
ν (ρ
(GI,1) + P (GI,1)) + u(0)µ u
(GI,1)
ν (ρ
(GI,1) + P (GI,1))
u(GI,2)µ u
(0)
ν (ρ
(0) + P (0)) + u(0)µ u
(GI,2)
ν (ρ
(0) + P (0)) + u(0)µ u
(0)
ν (ρ
(GI,2) + P (GI,2))
+g(GI,1)µν P
(GI,1) + g(0)µν P
(GI,2) + g(GI,2)µν P
(0). (101)
Here, ρ(0), P (0) denote the background density and pressure, respectively. The ρ(GI,n), u
(GI,n)
µ and P (GI,n)
denote the gauge invariant n-th order density, pressure and velocity perturbations, respectively. As has been
suggested in Eqs. (15) and (16), the gauge invariant matter perturbations are formulated as
ρ(GI,1) = ρ(1) − LXρ(0),
P (GI,1) = P (1) − LXP (0),
u
(GI,1)
µ = u
(1)
µ − LXu(0)µ ,
ρ(GI,2) = ρ(2) − 2LXρ(1) − (LY − L2X)P (0),
P (GI,2) = P (2) − 2LXP (1) − (LY − L2X)P (0),
u
(GI,2)
µ = u
(2)
µ − 2LXu(1)µ − (LY − L2X)u(0)µ ,
(102)
The velocity field of the perfect fluid can be redefined as (υi)(GI,n) ≡ a(ui)(GI,n), where (u0)(GI,n) could be
determined via gµνu
µuν = −1. The equation of state w and the speed of sound cs (and c(2)s ) are defined as
P (0) = wρ(0),
P (GI,1) = c2sρ
(GI,1),
P (GI,2) = (c
(2)
s )2ρ(GI,2).
(103)
All of them are gauge invariant. In principle, one could choose c
(2)
s to be equal to cs for the adiabatic
perturbation with a constant speed of sound [33].
B. Second order cosmological perturbations induced by the first order Newtonian variables
As a first step, we study the gauge invariant Newtonian metric perturbations at first order and their
equations of motion. The gauge invariant metric up to first order is given by
g(GI)µν dx
µdxν = −a2(1 + 2Φ(1))dη2 + 2a2V (1)i dηdxi + a2δij(1− 2Ψ(1))dxidxj , (104)
where the gauge invariant first order Newtonian variables have been shown in Eq. (38)–(40). Here, we neglect
the first order tensor perturbation, i.e., H
(1)
ij = 0. Differed from the neglect of the scalar or vector perturba-
tions, the neglect of H
(1)
ij does not violate the gauge invariance that is defined with all the diffeomorphisms
(namely, arbitrary ξµ1 ). At second order, we will consider that the gauge invariant metric perturbations are
Newtonian and synchronous, respectively.
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Based on Eqs. (18) and (19), we express the temporal derivative of conformal Hubble parameter, the
density and velocity perturbations in terms of the gauge invariant first order metric perturbations, i.e.,
H˙ = −1
2
(1 + 3w)H2, (105)
ρ(0) =
3H2
κa2
, (106)
ρ(GI,1) =
−6H2Φ(1) − 6H∂0Ψ(1) + 2∆Ψ(1)
κa2
, (107)
υ
(GI,1)
i = −V (1)i +
∆V
(1)
i − 4∂i(HΦ(1) + 4∂0Ψ(1))
6(1 + w)H2 , (108)
where υ
(GI,1)
i = δij(υ
i)(GI,1). By substituting the above equations into the spatial part of the first order
Einstein field equation, we obtain
Φ(1) = Ψ(1), (109)
V
(1)
i = 0, (110)
and the equation of motion of Φ(1), i.e,
∂20Φ
(1) + 3(1 + c2s)H∂0Φ(1) + 3(c2s − w)H2Φ(1) − c2s∆Φ(1) = 0. (111)
Here, we disregard the decaying mode of the first order vector perturbations. In fact, the above results about
the first order cosmological perturbations are well known [2].
1. Gauge invariant second order Newtonian variables
At second order, the gauge invariant Newtonian metric perturbations are given by
g(GI,2)µν dx
µdxν = 2a2Φ(2)dη2 + 2a2V
(2)
i dηdx
i + a2(−2δijΨ(2) +H(2)ij )dxidxj . (112)
The explicit expressions of the gauge invariant second order variables Φ(2), Ψ(2), V
(2)
i and H
(2)
ij are presented
in Eqs. (73)–(76) with the expression of XNµν in Appendix F. Based on the temporal components of the second
order Einstein field equations and Eqs. (105)–(110), we can express the gauge invariant second order density
perturbations in terms of the gauge invariant metric perturbations, i.e.,
ρ(GI,2) =
2
3(1 + w)κa2H2 (9(1 + w)H
4(4(Φ(1))2 − Φ(2))− 9(1 + w)H3∂0Ψ(2)
+H2(9(1 + w)(∂0Φ(1))2 + 24(1 + w)Φ(1)∆Φ(1) + 3(1 + w)∆Ψ(2) + (5 + 9w)∂iΦ(1)∂iΦ(1))
−8H∂i∂0Φ(1)∂iΦ(1) − 4∂i∂0Φ(1)∂i∂0Φ(1)). (113)
Using Eqs. (105)–(110) and substituting the expression of ρ(GI,2) into the spatial part of the gauge invariant
second order Einstein field equations, we can rewrite the second order Einstein field equations in Eq. (20) to
be
Gij + Sij = 0, (114)
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where the tensor Gij consists of the second order metric perturbations while the tensor Sij consists of the
square of the first order metric perturbations. Here, explicit expressions of them are presented as follows
Sij = δij
( 4(c(2)s )2
3(1 + w)
∂kΦ
(1)∂kΦ(1) − 12(c2s + (c(2)s )2 − 2w)H2(Φ(1))2 − 4(5 + 3c2s)HΦ(1)∂0Φ(1)
+
8(c
(2)
s )2
3(1 + w)H∂k∂0Φ
(1)∂kΦ(1) − (1 + 3(c(2)s )2)(∂0Φ(1))2 − 4Φ(1)∂20Φ(1) − 4Φ(1)∆Φ(1) − 3∂kΦ(1)∂kΦ(1)
−8(c(2)s )2Φ(1)∆Φ(1) − 3c(2)s ∂kΦ(1)∂kΦ(1) +
4(c
(2)
s )2
3(1 + w)H2 ∂k∂0Φ
(1)∂k∂0Φ
(1) + 4c2sΦ
(1)∆Φ(1)
)
+4Φ(1)∂i∂jΦ
(1) − 4
3(1 + w)H (∂i∂0Φ
(1)∂jΦ
(1) + ∂iΦ
(1)∂0∂jΦ
(1))
+
(
2− 4
3(1 + w)
)
∂iΦ
(1)∂jΦ
(1) − 4
3(1 + w)H2 ∂i∂0Φ
(1)∂i∂0Φ
(1), (115)
Gij = 1
4
∂20H
(2)
ij +
1
2
H∂0H(2)ij −
1
4
∆H
(2)
ij
+δij
(
3((c(2)s )
2 − w)H2Φ(2) +H∂0Φ(2) + 1
2
∆Φ(2)
+∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
)
−1
2
H∂iV (2)j −
1
4
∂i∂0V
(2)
j −
1
2
H∂jV (2)i −
1
4
∂j∂0V
(2)
i −
1
2
∂i∂jΦ
(2) +
1
2
∂i∂jΨ
(2). (116)
We can decompose Eq. (114) into the tensor, vector and scalar components. For illustrations, we decompose
Gij as a first step. The decomposition of Gij is explicitly given by
ΛijklGij =
1
4
∂20H
(2)
kl +
1
2
H∂0H(2)kl −
1
4
∆H
(2)
kl , (117)
∆−1∂lT ki Gkl =
1
4
(∂0 + 2H)V (2)i , (118)
1
2
∆−1(∂k∆−1∂l − 1
2
T kl)Gkl = 1
4
(Ψ(2) − Φ(2)), (119)
1
4
T ijGij = 1
2
(
3((c(2)s )
2 − w)H2Φ(2) +H∂0Φ(2) + 1
2
∆Φ(2)
+∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
)
, (120)
where Λklij ≡ T ki T lj − (1/2)TijT kl. The equations of motion of the gauge invariant second order cosmological
perturbations can be written as
∂20H
(2)
ij + 2H∂0H(2)ij −∆H(2)ij = −4ΛklijSkl, (121)
(∂0 + 2H)V (2)i = −4∆−1T ki ∂lSkl, (122)
Ψ(2) − Φ(2) = −2∆−1(∂i∆−1∂j − 1
2
T ij)Sij , (123)
∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
+3((c(2)s )
2 − w)H2Φ(2) +H∂0Φ(2) + 1
2
∆Φ(2) = −1
2
T ijSij , (124)
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where we have the following expressions of Sij ,
ΛijklSij = Λijkl
((
2 +
4
3(1 + w)
)
Φ(1)∂i∂jΦ
(1) +
8
3(1 + w)HΦ
(1)∂0∂i∂jΦ
(1)
− 4
3(1 + w)H2 ∂i∂0Φ
(1)∂j∂0Φ
(1)
)
, (125)
∆−1T ki ∂lSkl = ∆−1T ki ∂l
(
(2− 4
3(1 + w)
)∂kΦ
(1)∂lΦ
(1) − 4
3(1 + w)H (∂k∂0Φ
(1)∂lΦ
(1) + ∂kΦ
(1)∂0∂lΦ
(1))
+4Φ(1)∂k∂lΦ
(1) − 4
3(1 + w)H2 ∂k∂0Φ
(1)∂l∂0Φ
(1)
)
, (126)
1
4
T ijSij = 1
2
(
4(c
(2)
s )2
3(1 + w)
∂kΦ
(1)∂kΦ(1) − 12(c2s + (c(2)s )2 − 2w)H2(Φ(1))2 − 4(5 + 3c2s)HΦ(1)∂0Φ(1)
−8(c(2)s )2Φ(1)∆Φ(1) +
8(c
(2)
s )2
3(1 + w)H∂k∂0Φ
(1)∂kΦ(1) − (1 + 3(c(2)s )2)(∂0Φ(1))2 − 4Φ(1)∂20Φ(1)
−4Φ(1)∆Φ(1) − 3∂kΦ(1)∂kΦ(1) − 3c(2)s ∂kΦ(1)∂kΦ(1) +
4(c
(2)
s )2
3(1 + w)H2 ∂k∂0Φ
(1)∂k∂0Φ
(1)
+4c2sΦ
(1)∆Φ(1)
)
+
1
4
T ij
((
2 +
4
3(1 + w)
)
Φ(1)∂i∂jΦ
(1) +
8
3(1 + w)HΦ
(1)∂0∂i∂jΦ
(1)
− 4
3(1 + w)H2 ∂i∂0Φ
(1)∂j∂0Φ
(1)
)
, (127)
1
2
∆−1
(
∂i∆−1∂j − 1
2
T ij)Sij = 1
2
∆−1
(
∂i∆−1∂j − 1
2
T ij)((2− 4
3(1 + w)
)
∂iΦ
(1)∂jΦ
(1) + 4Φ(1)∂i∂jΦ
(1)
− 4
3(1 + w)H (∂i∂0Φ
(1)∂jΦ
(1) + ∂iΦ
(1)∂0∂jΦ
(1))
− 4
3(1 + w)H2 ∂i∂0Φ
(1)∂j∂0Φ
(1)
)
. (128)
The above equations of motion can be derived in an easier way, by adopting the scalar-vector-tensor decom-
position operators onto both sides of Eq. (114). These operators are defined on the background and thus
gauge invariant. Therefore, the equations of motion in Eqs. (121)–(124) should also be gauge invariant. Here,
the operator Λklij is defined in configuration space. In Appendix G, we express Λ
kl
ij in momentum space and
show that it can be rewritten in terms of the polarization tensors.
2. Gauge invariant second order synchronous variables
At second order, the gauge invariant synchronous metric perturbations are given by
g(GI,2)µν dx
µdxν = a2(−2δijΨ(2) + 2∂i∂jE(2) + ∂iC(2)j + ∂jC(2)i +H(2)ij )dxidxj . (129)
The explicit expressions of the gauge invariant second order variables, E(2), Ψ(2), C(2)i and H
(2)
ij are presented
in Eqs. (80)–(83) with the expression of XNµν in Appendix F. Based on the temporal components of the second
order Einstein field equations and Eqs. (105)–(110), the gauge invariant second order density perturbations
in terms of the metric perturbations is given by
ρ(GI,2) =
2
3(1 + w)κa2H2 (36(1 + w)H
4(Φ(1))2 − 3(1 + w)H3(3∂0Ψ(2) −∆∂0E(2))
+H2(9(1 + w)(∂0Φ(1))2 + 24(1 + w)Φ(1)∆Φ(1) + 3(1 + w)∆Ψ(2) + (5 + 9w)∂iΦ(1)∂iΦ(1))
−8H∂i∂0Φ(1)∂iΦ(1) − 4∂i∂0Φ(1)∂i∂0Φ(1)). (130)
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Using Eqs. (105)–(110) and substituting the expression of ρ(GI,2) into the spatial parts of the gauge invariant
second order Einstein field equations, we can also rewrite the second order Einstein field equations in the
terms of the tensors Gij and Sij , i.e.,
Gij + Sij = 0, (131)
where the Sij takes the same form as Eq. (115) and
Gij = 1
4
∂20H
(2)
ij +
1
2
H∂0H(2)ij −
1
4
∆H
(2)
ij
+δij
(
∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
−∆(1
2
(∂0 + 2H)∂ηE(2) + (c(2)s )2H∂ηE(2)
))
+
1
2
H∂i∂0C(2)j +
1
4
∂i∂
2
0C
(2)
j +
1
2
H∂j∂0C(2)i +
1
4
∂j∂
2
0C
(2)
i +H∂i∂j∂0E(2)
+
1
2
∂j∂j∂
2
0E(2) +
1
2
∂i∂jΨ
(2). (132)
By adopting the scalar-vector-tensor decomposition to Eq. (131), the equations of motion of the gauge
invariant second order cosmological perturbations are obtained to be
∂20H
(2)
ij + 2H∂0H(2)ij −∆H(2)ij = −4ΛklijSkl, (133)
(∂0 + 2H)∂0C(2)i = −4∆−1T ki ∂lSkl, (134)
(∂0 + 2H)∂0E(2) + Ψ(2) = −2∆−1
(
∂i∆−1∂j − 1
2
T ij)Sij , (135)
∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
−∆(1
2
(∂0 + 2H)∂0E(2) + (c(2)s )2H∂0E(2)
)
= −1
2
T ijSij . (136)
The right hand sides of the above equations are as same as those in Eqs. (125)–(128), since the source term
Sij is uniquely determined by the gauge invariant first order Newtonian variables. In particular, the equation
of motion of the tensor perturbation H
(GI,2)
µν in Eq. (133) is as same as that in Eq. (121). For the vector
perturbation, the evolution of ∂0C(2)i in Eq. (134) is shown to be as same as that of V
(2)
i in Eq. (122).
C. Second order cosmological perturbations induced by the first order synchronous variables
In the subsection, we turn to discuss the gauge invariant synchronous metric perturbations at first order
and their equations of motion. For the second order equations of motion, we will also consider the gauge
invariant variables that are Newtonian and synchronous, respectively.
The gauge invariant synchronous metric up to first order is given by
g(GI)µν dx
µdxν = −a2dη2 + a2(δij(1− 2Ψ(1)) + 2∂i∂jE(1) + ∂iC(1)j + ∂jC(1)i )dxidxj , (137)
where we also neglect the first order tensor perturbation, i.e., H
(1)
ij = 0. Here, the gauge invariant first
order variables Ψ(1), E(1) and C(1)i have been shown in Eqs. (47)–(50). Based on the first-order Einstein field
equations and Eqs. (105) and (106), the density and velocity perturbations are expressed in terms of the
gauge invariant first order metric perturbations, i.e.,
ρ(GI,1) =
−6H∂0Ψ(1) + 2H∆∂0E(1) + 2∆Ψ(1)
κa2
, (138)
υ
(GI,1)
i = −
∆∂0C(1)i + 4∂i∂0Ψ(1)
6(1 + w)H2 . (139)
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By substituting Eqs. (105) and (106) and the equations above into the spatial parts of the first-order Einstein
field equations, we can obtain
C(1)i = 0, (140)
and the equations of motion of E(1) and Ψ(1), i.e.,
Ψ(1) + 2H∂0E(1) + ∂20E(1) = 0, (141)
∂20Ψ
(1) +H(2 + 3c2s)∂0Ψ(1) − c2s∆Ψ(1) −Hc2s∆∂0E(1) = 0. (142)
Here, we also disregard the decaying mode of the first order vector perturbations.
1. Gauge invariant second order Newtonian variables
At second order, the gauge invariant Newtonian metric perturbations are given by
g(GI,2)µν dx
µdxν = 2a2Φ(2)dη2 + 2a2V
(2)
i dηdx
i + a2(−2δijΨ(2) +H(2)ij )dxidxj , (143)
The explicit expressions of the gauge invariant second order variables, Φ(2), Ψ(2), V
(2)
i and H
(2)
ij are presented
in Eqs. (73)–(76) with the expression of XSµν in Appendix F. Based on the temporal components of the second
order Einstein field equations and Eqs. (105), (106), (138)–(140), we can express the gauge invariant second
order density perturbation in terms of metric perturbations, namely,
ρ(GI,2) = − 1
3(1 + w)κa2H2
(
18(1 + w)H4Φ(2) + 8∂i∂0Ψ(1)∂i∂0Ψ(1)
+6(1 + w)H3(3∂0Ψ(2) − 4∂0Ψ(1)∆E(1) + 4Ψ(1)(3∂0Ψ(1) −∆∂0E(1)) + 4∂i∂j∂0E(1)∂i∂jE(1))
−3(1 + w)H2(6(∂0Ψ(1))2 − 4∂0Ψ(1)∆∂0E(1) + 16Ψ(1)∆Ψ(1) + 2∆Ψ(2) + 6∂iΨ(1)∂iΨ(1)
−4∂i∆E(1)∂iΨ(1) + ∆∂0E(1)∆∂0E(1) − 4∆E(1)∆Ψ(1) − ∂i∆E(1)∂i∆E(1)
−4∂i∂jΨ(1)∂i∂jE(1) − ∂i∂j∂0E(1)∂i∂j∂0E(1) + ∂k∂i∂jE(1)∂i∂j∂kE(1))
)
. (144)
Using Eqs. (105), (106),(138)–(140) and substituting the expression of ρ(GI,2) into the spatial parts of the
gauge invariant second order Einstein field equations, we can also obtain
Gij + Sij = 0, (145)
where the form of Gij is the same as Eq. (116) and
Sij = δij
(
− 12(c2s − (c(2)s )2)HΨ(1)∂0Ψ(1) + (1− 3(c(2)s )2)(∂0Ψ(1))2 − 2(1− 2c2s + 4(c(2)s )2)Ψ(1)∆Ψ(1)
−(2 + 3(c(2)s )2)∂kΨ(1)∂kΨ(1) +
4(c
(2)
s )2
3(1 + w)H2 ∂k∂0Ψ
(1)∂k∂0Ψ
(1) − (1 + (c(2)s )2)∆∂0E(1)∆∂0E(1)
+(1 + (c(2)s )
2)∂k∆E(1)∂k∆E(1) + 8(1 + (c(2)s )2)H∂k∂l∂0E(1)∂k∂lE(1) + 4∂k∂l∂20E(1)∂k∂lE(1)
+(3 + (c(2)s )
2)∂k∂l∂0E(1)∂k∂l∂0E(1) − (1 + (c(2)s )2)∂m∂l∂kE(1)∂m∂l∂kE(1)
−2∂20Ψ(1)∆E(1) − (1− 2(c(2)s )2)∂0Ψ(1)∆∂0E(1) + (1 + 2(c(2)s )2)∂k∆E(1)∂kΨ(1)
+2(1 + (c(2)s )
2)∆E(1)∆Ψ(1) + 2(c(2)s )2∂k∂lΨ(1)∂k∂lE(1)
−2− 4H(∂0Ψ(1)(1 + (c(2)s )2)∆E(1) + Ψ(1)((c(2)s )2 − c2s)∆∂0E(1)))
+3∂iΨ
(1)∂jΨ
(1) − 4
3(1 + w)H2 ∂i∂0Ψ
(1)∂j∂0Ψ
(2) + 2Ψ(1)∂i∂jΨ
(1)
−2∂k∂j∂0E(1)∂k∂i∂0E(1) − ∂k∆E(1)∂k∂i∂jE(1) + ∂k∂l∂jE(1)∂k∂l∂iE(1)
−2∆∂20E(1)∂i∂jE(1) − 4H(1 + c2s)∆∂0E(1)∂i∂jE(1) + ∆∂0E(1)∂i∂j∂0E(1)
−∂k∂i∂jE(1)∂kΨ(1) + 2∂k∂jΨ(1)∂k∂iE(1) + 2∂k∂iΨ(1)∂k∂jE(1) + 12(1 + c2s)H∂0Ψ(1)∂i∂jE(1)
+6∂20Ψ
(1)∂i∂jE(1) − 4(1 + c2s)∆Ψ(1)∂i∂jE(1) + ∂0Ψ(1)∂i∂j∂0E(1) − 2∆E(1)∂i∂jΨ(1). (146)
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Following the approach in the previous subsection, the equations of motion of the gauge invariant second
order cosmological perturbations can be written as
∂20H
(2)
ij + 2H∂0H(2)ij −∆H(2)ij = −4ΛklijSkl, (147)
(∂0 + 2H)V (2)i = −4∆−1T ki ∂lSkl, (148)
Ψ(2) − Φ(2) = −2∆−1(∂i∆−1∂j − 1
2
T ij)Sij , (149)
∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
+3((c(2)s )
2 − w)H2Φ(2) +H∂0Φ(2) + 1
2
∆Φ(2) = −1
2
T ijSij , (150)
where
ΛijklSij = Λijkl
(
Ψ(1)∂i∂jΨ
(1) +
4
3(1 + w)H2 ∂0Ψ
(1)∂i∂j∂0Ψ
(1)
+(−5∂mΨ(1)∂m − 6c2sH∂0Ψ(1) − 2(1− c2s)∆Ψ(1) + ∂0Ψ(1)∂0 − 2Ψ(1)∆)∂i∂jE(1)
+2∂m∂0E(1)∂m∂i∂j∂0E(1) + ∆∂0E(1)∂i∂j∂0E(1) − ∂m∆E(1)∂m∂i∂jE(1)
−∂n∂mE(1)∂n∂m∂i∂jE(1) + 2c2sH2∆∂0E(1)∂i∂jE(1)
)
, (151)
∆−1T im∂jSij = ∆−1T im∂j
(
3∂iΨ
(1)∂jΨ
(1) − 4
3(1 + w)H2 ∂i∂0Ψ
(1)∂j∂0Ψ
(2) + 2Ψ(1)∂i∂jΨ
(1)
−2∂k∂j∂0E(1)∂k∂i∂0E(1) − ∂k∆E(1)∂k∂i∂jE(1) + ∂k∂l∂jE(1)∂k∂l∂iE(1)
−2∆∂20E(1)∂i∂jE(1) − 4H(1 + c2s)∆∂0E(1)∂i∂jE(1) + ∆∂0E(1)∂i∂j∂0E(1)
−∂k∂i∂jE(1)∂kΨ(1) + 2∂k∂jΨ(1)∂k∂iE(1) + 2∂k∂iΨ(1)∂k∂jE(1)
+12(1 + c2s)H∂0Ψ(1)∂i∂jE(1) + 6∂20Ψ(1)∂i∂jE(1) − 4(1 + c2s)∆Ψ(1)∂i∂jE(1)
+∂0Ψ
(1)∂i∂j∂0E(1) − 2∆E(1)∂i∂jΨ(1)
)
, (152)
1
4
T ijSij = 1
2
(
− 12(c2s − (c(2)s )2)HΨ(1)∂0Ψ(1) + (1− 3(c(2)s )2)(∂0Ψ(1))2
−2(1− 2c2s + 4(c(2)s )2)Ψ(1)∆Ψ(1) − (2 + 3(c(2)s )2)∂kΨ(1)∂kΨ(1)
+
4(c
(2)
s )2
3(1 + w)H2 ∂k∂0Ψ
(1)∂k∂0Ψ
(1) − (1 + (c(2)s )2)∆∂0E(1)∆∂0E(1)
+(1 + (c(2)s )
2)∂k∆E(1)∂k∆E(1) + 8(1 + (c(2)s )2)H∂k∂l∂0E(1)∂k∂lE(1)
+4∂k∂l∂
2
0E(1)∂k∂lE(1) + (3 + (c(2)s )2)∂k∂l∂0E(1)∂k∂l∂0E(1)
−(1 + (c(2)s )2)∂m∂l∂kE(1)∂m∂l∂kE(1) − 2∂20Ψ(1)∆E(1)
−(1− 2(c(2)s )2)∂0Ψ(1)∆∂0E(1) + (1 + 2(c(2)s )2)∂k∆E(1)∂kΨ(1)
+2(1 + (c(2)s )
2)∆E(1)∆Ψ(1) + 2(c(2)s )2∂k∂lΨ(1)∂k∂lE(1)
−4H(∂0Ψ(1)(1 + (c(2)s )2)∆E(1) + Ψ(1)((c(2)s )2 − c2s)∆∂0E(1)))
1
4
T ij
(
Ψ(1)∂i∂jΨ
(1) +
4
3(1 + w)H2 ∂0Ψ
(1)∂i∂j∂0Ψ
(1)
+(−5∂mΨ(1)∂m − 6c2sH∂0Ψ(1) − 2(1− c2s)∆Ψ(1) + ∂0Ψ(1)∂0 − 2Ψ(1)∆)∂i∂jE(1)
+2∂m∂0E(1)∂m∂i∂j∂0E(1) + ∆∂0E(1)∂i∂j∂0E(1) − ∂m∆E(1)∂m∂i∂jE(1)
−∂n∂mE(1)∂n∂m∂i∂jE(1) + 2c2sH2∆∂0E(1)∂i∂jE(1)
)
, (153)
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1
2
∆−1
(
∂i∆−1∂j − 1
2
T ij)Sij = 1
2
∆−1
(
∂i∆−1∂j − 1
2
T ij)(3∂iΨ(1)∂jΨ(1) − 4
3(1 + w)H2 ∂i∂0Ψ
(1)∂j∂0Ψ
(2)
+2Ψ(1)∂i∂jΨ
(1) − 2∂k∂j∂0E(1)∂k∂i∂0E(1) − ∂k∆E(1)∂k∂i∂jE(1)
+∂k∂l∂jE(1)∂k∂l∂iE(1) − 2∆∂20E(1)∂i∂jE(1) − 4H(1 + c2s)∆∂0E(1)∂i∂jE(1)
+∆∂0E(1)∂i∂j∂0E(1) − ∂k∂i∂jE(1)∂kΨ(1) + 2∂k∂jΨ(1)∂k∂iE(1)
+2∂k∂iΨ
(1)∂k∂jE(1) + 12(1 + c2s)H∂0Ψ(1)∂i∂jE(1) + 6∂20Ψ(1)∂i∂jE(1)
−4(1 + c2s)∆Ψ(1)∂i∂jE(1) + ∂0Ψ(1)∂i∂j∂0E(1) − 2∆E(1)∂i∂jΨ(1)
)
. (154)
It is not surprising that the left hand sides of the equations of motion are as same as those of Eqs. (121)–(124).
As suggested in Ref. [37], we show that the source terms in Eq. (148) include the first order perturbation
E(1) without temporal derivative. This is different from the formulae in the other previous works [10, 34, 38].
2. Gauge invariant second order synchronous variables
For the gauge invariant synchronous metric perturbations at second order, we also have
g(GI,2)µν dx
µdxν = a2(−2δijΨ(2) + 2∂i∂jE(2) + ∂iC(2)j + ∂jC(2)i +H(2)ij )dxidxj , (155)
The explicit expressions of the gauge invariant second order variables, E(2), Ψ(2), C(2)i and H
(2)
ij are presented
in Eqs. (80)–(83) with the expression of XSµν in Appendix F. Based on the temporal components of the second
order Einstein field equations and Eqs. (105), (106),(138)–(140), the gauge invariant second order density
perturbation is obtained to be
ρ(GI,2) = − 1
3(1 + w)κa2H2 (8∂i∂0Ψ
(1)∂i∂0Ψ
(1)
+6(1 + w)H3(3∂0Ψ(2) −∆∂0E(2) − 4∂0Ψ(1)∆E(1) + 4Ψ(1)(3∂0Ψ(1) −∆∂0E(1))
+4∂i∂j∂0E(1)∂i∂jE(1))− 3(1 + w)H2(6(∂0Ψ(1))2 − 4∂0Ψ(1)∆∂0E(1)
+16Ψ(1)∆Ψ(1) + 2∆Ψ(2) + 6∂iΨ
(1)∂iΨ(1) − 4∂i∆E(1)∂iΨ(1)
+∆∂0E(1)∆∂0E(1) − 4∆E(1)∆Ψ(1) − ∂i∆E(1)∂i∆E(1) − 4∂i∂jΨ(1)∂i∂jE(1)
−∂i∂j∂0E(1)∂i∂j∂0E(1) + ∂i∂j∂kE(1)∂i∂j∂kE(1))). (156)
Substituting Eqs. (105), (106),(138)–(140) and (156) into the spatial parts of the gauge invariant second order
Einstein field equations, we also obtain
Gij + Sij = 0, (157)
where Gij is shown in Eq. (116) and Sij in Eq. (146). Therefore, we derive the equations of motion of the
gauge invariant second order cosmological perturbations as
∂20H
(2)
ij + 2H∂0H(2)ij −∆H(2)ij = −4ΛklijSkl, (158)
(∂0 + 2H)∂0C(2)i = −4∆−1T ki ∂lSkl, (159)
(∂0 + 2H)∂0E(2) + Ψ(2) = −2∆−1
(
∂i∆−1∂j − 1
2
T ij)Sij , (160)
∂20Ψ
(2) + (2 + 3(c(2)s )
2)H∂0Ψ(2) − 1
2
(1 + 2(c(2)s )
2)∆Ψ(2)
−∆(1
2
(∂0 + 2H)∂0E(2) + (c(2)s )2H∂0E(2)
)
= −1
2
T ijSij . (161)
The right hand sides of the above equations are as same as that in Eqs. (151)–(154), since the source term Sij
is uniquely determined by the gauge invariant first order synchronous variables. In particular, the equation
of motion of the tensor perturbation H
(GI,2)
µν in Eq. (158) is as same as that in Eq. (147). For the vector
perturbation, the evolution of ∂0C(2)i in Eq. (159) is shown to be as same as that of V
(2)
i in Eq. (148).
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VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we investigated the gauge invariance of the cosmological perturbations up to second order by
following the Lie derivative method. We showed that there are infinite families of gauge invariant variables for
the cosmological perturbations up to second order. For different families, we found their conversion formulae,
which are dependent on a finite number of bases that were also shown to be gauge invariant. In particular, we
have focused on the Newtonian, synchronous, and hybrid variables, respectively. In contrast to the first order,
the second order gravitational waves were shown to be mixed with the first order cosmological perturbations.
Therefore, the gauge invariance is important in studies of the second order gravitational waves.
We derived the equations of motion of the gauge invariant second order cosmological perturbations, which
are sourced from the gauge invariant first order scalar perturbations. On the one side, the gauge invariant
second order variables can take the same form as the gauge invariant first order variables. On the other side,
it is not forbidden that they take different forms, e.g., Newtonian at first order while synchronous at second
order, and vice versa. In this work, we have studied both of the above four typical cases. To obtain the gauge
invariant equations of evolution, we decomposed the gauge invariant perturbed Einstein field equations into
the scalar, vector and tensor components.
In principle, we could generalize the above method to explore the higher order cosmological perturbations.
A formal derivation of the gauge invariant higher order cosmological perturbations has been shown previously
[11]. Following the same approach in this work, it is straightforward to explicitly obtain the gauge invariant
higher order scalar, vector and tensor perturbations, as well as the equations of motion of them. We leave
such a study for future works, since the derivations are much more complicated.
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Appendix A: Expansion of a generic tensor with Lie derivative
For a generic tensor Q, its Lie derivative along an infinitesimal vector ζµ is defined as
LζQ ≡ lim
→0
ϕ∗Q(x)−Q(x)

, (A1)
where ϕ∗Q is an one-parameter coordinate transformation that acts on the tensor Q. In the regime of → 0,
it turns to be the infinitesimal transformation in the form of Eq. (1), where ξ(1)µ ∝ ζµ. For a scalar function,
contravariant vector and covariant vector, the expressions of ϕ∗ are given by
ϕ∗f(x) = f(x˜), (A2)
ϕ∗wµ(x) =
∂x˜ν
∂xµ
wν(x˜), (A3)
ϕ,∗Aµ(x) =
∂xµ
∂x˜ν
Aν(x˜). (A4)
Based on the first order expansions of Eqs. (A2)–(A4), we obtain
Lζf = ζν∂νf, (A5)
Lζwµ = ζν∂νwµ + wν∂µζµ, (A6)
LζAµ = ζν∂νAµ −Aν∂νζµ. (A7)
The Lie derivative in Eq. (A7) is also symbolized as LXAµ ≡ [X,A]µ, where [, ] is Lie bracket. For a tensor
Sµν , its Lie derivative is given by
LζSµν = ζλ∂λSµν + Sλν∂µζλ + Sµλ∂νζλ. (A8)
Higher order expansions of any tensor upon the infinitesimal transformation have been constructed in terms
of Lie derivatives [4–8]. In the following, we briefly review the formulae up to second order.
For the scalar function f(x) upon the infinitesimal transformation, up to second order, we expand it in
terms of ξ(1) and ξ(2), namely,
f(x)→ f(x˜)
≈ f(x+ ξ(1) + 1
2
ξ(2)
)
= f + ξ(1)ν∂νf +
1
2
ξ(2)ν∂νf +
1
2
ξ(1)σξ(1)ρ∂σ∂ρf
= f + ξ(1)ν∂νf +
1
2
(ξ(2)ν∂νf + ξ
(1)σξ(1)ρ∂σ∂ρf + ξ
(1)σ∂σξ
(1)ρ∂ρf − ξ(1)σ∂σξ(1)ρ∂ρf)
= f + Lξ(1)f +
1
2
(Lξ(2)−ξ(1)ν∂νξ(1) + L2ξ(1))f. (A9)
For simplicity, we denote
ξµ1 ≡ ξ(1)µ, (A10)
ξµ2 ≡ ξ(2)µ − ξ(1)ν∂νξ(1)µ. (A11)
It leads to
f(x˜) = f + Lξ1f +
1
2
(Lξ2 + L2ξ1)f +O(ξ(3)). (A12)
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For the contravariant vector wµ, up to second order, we expand it in terms of ξ
(1) and ξ(2), namely,
wµ(x)→ ∂x˜
ν
∂xµ
wν(x˜)
≈ (δλµ + ∂µξ(1)λ + 12∂µξ(2)λ)(wλ(x) + (ξ(1)ν + 12ξ(2)ν)∂νwλ
+
(
ξ(1)σ +
1
2
ξ(2)σ
)(
ξ(1)ρ +
1
2
ξ(1)ρ
)
∂σ∂ρwλ
)
= wµ(x) + ξ
(1)ν∂νwµ + wλ∂µξ
(1)λ + ∂µξ
(1)λξ(1)ν∂νwλ
+
1
2
((ξ(2)ν∂νwµ + ξ
(1)σξ(1)ρ∂σ∂ρwµ) +
1
2
wλ∂µξ
(2)λ
= wµ + Lξ(1)wµ +
1
2
Lξ(2)wµ +
1
2
(L2ξ(1)wµ − ξ(1)σ∂σξ(1)ρ∂ρwµ − wρ∂µ((ξ(1)σ∂σξ(1)ρ))
= wµ + Lξ(1)wµ +
1
2
(Lξ(2)−ξ(1)σ∂σξ(1) + L2ξ(1))wµ
= wµ + Lξ1wµ +
1
2
(Lξ2 + L2ξ1)wµ. (A13)
Similarly, for the covariant vector Aµ, up to second order, we expand it in terms of ξ(1) and ξ(2), namely,
Aµ(x)→ ∂x
µ
∂x˜ν
Aν(x˜)
≈
(
∂x˜µ
∂xν
)−1
Aν
(
x+ ξ(1) +
1
2
ξ(2)
)
≈ Aµ + ξ(1)σ∂σAµ −Aν∂νξ(1)µ − ∂νξ(1)µξ(1)σ∂σAν − 1
2
(∂νξ
(2)µ − 2∂λξ(1)µ∂νξ(1)λ)Aν
+
1
2
((ξ(2)σ∂σA
µ + ξ(1)σξ(1)ρ∂σ∂ρA
µ)
= Aµ + Lξ(1)Aµ +
1
2
(Lξ(2)−ξ(1)ν∂νξ(1))Aµ + L2ξ(1)Aµ))
= Aµ + Lξ1Aµ +
1
2
(Lξ2Aµ + L2ξ1Aµ), (A14)
where the inverse Jacobi matrix ∂xµ/∂x˜ν is given by(
∂x˜µ
∂xν
)−1
= δµν − ∂νξ(1)µ −
1
2
(∂νξ
(2)µ − 2∂λξ(1)µ∂νξ(1)λ) +O(ξ(3)). (A15)
It is derived from
(
∂x˜λ
∂xν
)−1
∂x˜µ
∂xλ
= ∂x
λ
∂x˜ν
∂x˜µ
∂xλ
= δµν . Finally, we consider the tensor Sµν which is expanded as
Sσρ(x)→ ∂x˜
µ
∂xσ
∂x˜ν
∂xρ
Sµν(x˜)
≈ Sµν
(
x+ ξ(1) +
1
2
ξ(2)
)
∂σ
(
xµ + ξ(1)µ +
1
2
ξ(2)µ
)
∂ρ
(
xν + ξ(1)ν +
1
2
ξ(2)ν
)
≈ Sσρ + ξ(1)λ∂λSσρ + Sσν∂ρξ(1)ν + Sµρ∂σξ(1)µ + 1
2
((ξ(2)λ∂λSσρ + Sµρ∂σξ
(2)µ + Sσν∂ρξ
(2)ν
+ξ(1)λξ(1)κ∂λ∂κSσρ + 2Sµν∂σξ
(1)µ∂ρξ
(1)ν + 2ξ(1)λ∂λSσν∂ρξ
(1)ν + 2ξ(1)λ∂λSµρ∂σξ
(1)µ)
= Sσρ + Lξ(1)Sσρ +
1
2
(Lξ(2)−ξ(1)ν∂νξ(1) + L2ξ(1))Sσρ
= Sσρ + Lξ1Sσρ +
1
2
(Lξ2 + L2ξ1)Sσρ. (A16)
The above formulae can be straightforwardly generalized to higher order expansions.
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Appendix B: Gauge transformations in the language of Lie derivative
For an arbitrary tensor Q(xµ)i1i2...j1j2... upon the infinitesimal transformation, it can be expanded as [4]
Q(x)i1i2...j1j2... →
(∂x˜l1
∂xj1
∂x˜l2
∂xj2
∂xi1
∂x˜k1
∂xi2
∂x˜k2
. . .
)Q(x˜)k1k2...l1l2...
≈ (δl1j1 + ∂j1ξ(1)l1 + 12∂j1ξ(2)l1)( . . . )(Q(x)k1k2...l1l2... + ξ(1)ν∂νQ(x)k1k2...l1l2...
+
1
2
(
(ξ(1)σξ(2)ρ∂σ∂ρQ(x)k1k2...l1l2... + ξ(2)ν∂νQ(x)k1k2...l1l2... )
))
≈ Q(xµ)i1i2...j1j2... + Lξ(1)Q(xµ)i1i2...j1j2... +
1
2
(Lξ(2)−ξ(1)ν∂νξ(1) + L2ξ(1))Q(xµ)i1i2...j1j2... (B1)
For simplicity, the above equation can be rewritten without indices as follows
Q → Q˜ = Q+ Lξ1Q+
1
2
(Lξ2 + L2ξ1)Q+O(ξ(3)) (B2)
In Appendix A, we have presented four examples of Eq. (B2), namely, Eqs. (A9), (A13), (A14) and (A16).
In the following, we consider the infinitesimal transformation of perturbations up to second order. The
n-th order perturbations Q(n) of the tensor Q can be expanded as follows
Q = Q(0) +Q(1) + 1
2
Q(2) +O(Q(3)). (B3)
Combining Eqs. (B2) with (B3), we obtain
Q˜ = Q(0) + (Q(1) + Lξ1Q(0)) +
1
2
(Q(2) + 2Lξ1Q(1) + (Lξ2 + L2ξ1)Q(0)) +O(ξ(3)). (B4)
One the other side, the tensor Q˜ can also be expanded in the form of Eq. (B3), namely,
Q˜ = Q˜(0) + Q˜(1) + 1
2
Q˜(2) +O(Q˜(3)). (B5)
Therefore, based on Eqs. (B4) and (B5), we conclude the infinitesimal transformations of the zeroth, first
and second order perturbations in Eqs. (2)–(4).
Appendix C: Brief derivation of Eqs. (9) and (10)
For the first order metric perturbations g
(1)
µν , it could be split into a gauge invariant part g
(GI,1)
µν and a
gauge variant counter term C
(1)
µν , i.e.,
g(1)µν =: g
(GI,1)
µν + C
(1)
µν . (C1)
Based on the gauge transformation of g
(1)
µν in Eq. (5), we could rewrite g
(GI,1)
µν to be
g(GI,1)µν = g˜
(GI,1)
µν
= g˜(1)µν − C˜(1)µν
= g(1)µν + Lξ1g(0)µν − C˜(1)µν . (C2)
Based on Eqs. (C1) and (C2), we obtain
C˜(1)µν = C
(1)
µν + Lξ1g(0)µν . (C3)
If we let C
(1)
µν ≡ LXg(0)µν , Eq. (C3) is reduced to LX˜g(0)µν = LX+ξ1g(0)µν . We can obtain
X˜µ −Xµ = ξµ1 . (C4)
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Here, Xµ is rewritten in the form independent on the background metric. Therefore, we can rewrite Eq.
(C1) in the form of
g(1)µν = g
(GI,1)
µν + LXg(0)µν . (C5)
For the second order metric perturbations g
(2)
µν , we could also split it as
g(2)µν =: g
(GI,2)
µν + C
(2)
µν , (C6)
where g
(GI,2)
µν are the gauge invariant second order metric perturbations. Based on Eqs. (6) and (C6), we can
also express g
(GI,2)
µν as
g(GI,2)µν = g˜
(GI,2)
µν
= g˜(2)µν − C˜(2)µν
= 2Lξ1g(1)µν + (Lξ2 + L2ξ1)g(0)µν − C˜(2)µν . (C7)
Based on Eqs. (C6) and (C7), we have
C˜(2)µν − C(2)µν = 2Lξ1g(1)µν + (Lξ2 + L2ξ1)g(0)µν
= 2LX˜(g˜(1)µν − Lξ1g(0)µν )− 2LXg(1)µν + Lξ2g(0)µν + (L2X˜ + L2X − LX˜LX − LXLX˜)g(0)µν
= (2LX˜ g˜(1)µν − L2X˜g(0)µν )− (2LXg(1)µν − L2Xg(0)µν ) + L(ξ2+[X˜,X])g(0)µν
≡ (2LX˜ g˜(1)µν + (LY˜ − L2X˜)g(0)µν )− (2LXg(1)µν + (LY − L2X)g(0)µν ), (C8)
where we have introduced the infinitesimal vector Y µ satisfying
Y˜ µ − Y µ = ξµ2 + [ξ1, X]µ. (C9)
Therefore, we can rewrite Eq. (C6) in the form of
g(2)µν = g
(GI,2)
µν + 2LXg(1)µν + (LY − L2X)g(0)µν . (C10)
Appendix D: Gauge invariant first order Einstein tensor in terms of the gauge invariant metric
perturbations
We start from a simple example, in which a tensor Q is expressed as a tensor product of two tensors Q1
and Q2, namely,
Q = Q1Q2. (D1)
We expand Q in the form of
Q ≈ Q(0)1 Q(0)2 +Q(1)1 Q(0)2 +Q(0)1 Q(1)2 +Q(1)1 Q(1)2 +
1
2
Q(2)1 Q(0)2 +
1
2
Q(0)1 Q(2)2
= Q(0)1 Q(0)2
+(Q(GI,1)1 + LXQ(0)1 )Q(0)2 +Q(0)1 (Q(GI,1)2 + LXQ(0)2 ) + (Q(GI,1)1 + LXQ(0)1 )(Q(GI,1)2 + LXQ(0)2 )
+
1
2
(Q(GI,2)1 + 2LXQ(GI,1)1 + (LY + L2X)Q(0)1 )Q(0)2 +
1
2
Q(0)1 (Q(GI,2)2 + 2LXQ(GI,1)2 + (LY + L2X)Q(0)2 )
= Q(0)1 Q(0)2
+Q(GI,1)1 Q(0)2 +Q(0)1 Q(GI,1)2 + LX(Q(0)1 Q(0)2 )
+Q(GI,1)1 Q(GI,1)2 +
1
2
Q(GI,2)1 Q(0)2 +
1
2
Q(0)1 Q(GI,2)2
+
1
2
(2LX(Q(GI,1)1 Q(0)2 +Q(0)1 Q(GI,1)2 ) + (LY + L2X)(Q(0)1 Q(0)2 )). (D2)
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Based on the above equation, at n-th order, the perturbed tensors Q(n) and the gauge invariant perturbed
tensor Q(GI,n) are obtained to be
Q(1) = Q(1)1 Q(0)2 +Q(0)1 Q(1)2 , (D3)
Q(GI,1) = Q(GI,1)1 Q(0)2 +Q(0)1 Q(GI,1)2 , (D4)
Q(2) = 2Q(1)1 Q(1)2 +Q(2)1 Q(0)2 +Q(0)1 Q(2)2 , (D5)
Q(GI,2) = 2Q(GI,1)1 Q(GI,1)2 +Q(GI,2)1 Q(0)2 +Q(0)1 Q(GI,2)2 . (D6)
We can conclude that the Q(GI,n) takes the same form as Q(n), except that we should use a substitution
Q(n)i → Q(GI,n)i (n, i = 1, 2). By making use of this conclusion, we could generalize the derivations to the
cases of Q = Q1Q2Q3 . . .Qn by iterations.
We expect the same conclusion for the gauge invariant perturbed Einstein tensors, namely, G
(GI,n)
µν with
respect to g
(GI,n)
µν have the same form as G
(n)
µν with respect to g
(n)
µν . For illustrations, in the following, we
reproduce the gauge invariant perturbed Einstein tensors at first order by making use of the tensor evaluations.
The derivations for the higher order perturbations are much more complicated but obvious from the advanced
standpoint as suggested in Section II D.
At the first step, we expand Levi-Civita connection in the form of
Γρµν =
1
2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν)
≈ 1
2
g(0)ρσ(∂µg
(0)
νσ + ∂νg
(0)
µσ − ∂σg(0)µν ) +
1
2
g(1)ρσ(∂µg
(0)
νσ + ∂νg
(0)
µσ − ∂σg(0)µν )
+
1
2
g(0)ρσ(∂µg
(1)
νσ + ∂νg
(1)
µσ − ∂σg(1)µν ) +
1
2
g(1)ρσ(∂µg
(1)
νσ + ∂νg
(1)
µσ − ∂σg(1)µν )
+
1
2
(1
2
g(2)ρσ(∂µg
(0)
νσ + ∂νg
(0)
µσ − ∂σg(0)µν ) +
1
2
g(0)ρσ(∂µg
(2)
νσ + ∂νg
(2)
µσ − ∂σg(2)µν )
)
=
1
2
g(0)ρσ(∂µg
(0)
νσ + ∂νg
(0)
µσ − ∂σg(0)µν ) +
1
2
g(0)ρσ(∇µg(1)νσ +∇νg(1)µσ −∇σg(1)µν )
+
1
2
(
(
1
2
g(0)ρσ(∇µg(2)νσ +∇νg(2)µσ −∇σg(2)µν )
)
. (D7)
where ∇µ is a covariant derivative with respect to the metric gµν(= g(0)µν + g(1)µν + · · · ). At first order, the
covariant derivative ∇µ can be reduced to the covariant derivative with respect to the background metric
g
(0)
µν . Based on Eq. (D7) and Γρµν ≈ (0)Γρµν + (1)Γρµν + (1/2)(2)Γρµν , the first order perturbed connection (1)Γρµν
can be obtained to be
(1)Γρµν =
1
2
g(0)ρσ(∇µg(1)νσ +∇νg(1)µσ −∇σg(1)µν ). (D8)
For Riemannian curvature tensor, we expand it in the form of
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ
≈ ∂µ(0)Γρνσ − ∂ν (0)Γρµσ + (0)Γρµλ(0)Γλνσ − (0)Γρνλ(0)Γλµσ
∂µ
(1)Γρνσ − ∂ν (1)Γρµσ + (1)Γρµλ(0)Γλνσ − (1)Γρνλ(0)Γλµσ + (0)Γρµλ(1)Γλνσ − (0)Γρνλ(1)Γλµσ
1
2
∂µ
(2)Γρνσ −
1
2
∂ν
(2)Γρµσ +
1
2
(2)Γρµλ
(0)Γλνσ −
1
2
(2)Γρνλ
(0)Γλµσ +
1
2
(0)Γρµλ
(2)Γλνσ −
1
2
(0)
Γρνλ
(2)Γλµσ
+(1)Γρµλ
(1)Γλνσ − (1)Γρνλ(1)Γλµσ
= ∂µ
(0)Γρνσ − ∂ν (0)Γρµσ + (0)Γρµλ(0)Γλνσ − (0)Γρνλ(0)Γλµσ
+∇µ(1)Γρνσ −∇(1)ν Γρµσ
+
1
2
(∇µ(2)Γρνσ −∇ν (2)Γρµσ − 2(1)Γρµλ(1)Γλνσ + 2(1)Γρνλ(1)Γλµσ). (D9)
Considering Rρσµν ≈ (0)Rρσµν + (1)Rρσµν + (1/2)(2)Rρσµν , we obtain
(1)Rρσµν = ∇(1)µ Γρνσ −∇ν (1)Γρµσ. (D10)
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In the following, we turn to the relation between the first order perturbed connection (1)Γρµν and the gauge
invariant one (GI,1)Γρµν , namely,
(1)Γρµν =
1
2
g(0)ρσ(∇µ(g(GI,1)νσ + LXg(0)νσ ) +∇ν(g(GI,1)µσ + LXg(0)µσ )−∇σ(g(GI,1)µν + LXg(0)µν ))
= (GI,1)Γρµν +
1
2
g(0)ρσ
(
g(0)κσ∇µ∇νXκ + g(0)νκ∇µ∇σXκ + g(0)κσ∇ν∇µXκ + g(0)µκ∇ν∇σXκ
−g(0)κν∇σ∇µXκ − g(0)µκ∇σ∇νXκ
)
= (GI,1)Γρµν +
1
2
(∇µ∇νXρ +∇ν∇µXρ) + 1
2
g(0)ρσRνλµσX
λ +
1
2
g(0)ρσRµλνσX
λ
= (GI,1)Γρµν +∇µ∇νXρ +RρνλµXλ, (D11)
where we define
(GI,1)Γρµν ≡
1
2
g(0)ρσ(∇µg(GI,1)νσ +∇νg(GI,1)µν −∇σg(GI,1)µν ). (D12)
Similarly, we can introduce the gauge invariant first order Riemannian curvature from
(1)Rρσµν = ∇(1)µ Γρνσ −∇ν (1)Γρµσ
= (GI,1)Rρσµν +∇µ∇ν∇σXρ −∇ν∇µ∇σXρ +
(∇µRρσλν −∇νRρσλµ)Xλ +Rρσλν∇µXλ
+Rρσµλ∇νXλ
= (GI,1)Rρσµν −Rλσµν∇λXρ +Rρλµν∇σXλ +Xλ∇λRρσµν +Rρσλν∇µXλ +Rρσµλ∇νXλ
= (GI,1)Rρσµν + L(0)X Rρσµν , (D13)
where we define
(GI,1)Rρσµν ≡ ∇(GI,1)µ Γρνσ −∇(GI,1)ν Γρµσ. (D14)
Finally, based on Eq. (D2) and the definition Gµν = R
ρ
µρν − (1/2)gµνgαβRραρβ , we obtain
G(1)µν = G
(GI,1)
µν + LXG(0)µν , (D15)
In this way, it is verified that the G
(GI,1)
µν is defined with the background metric g
(0)
µν and the gauge invariant
metric perturbations g
(GI,1)
µν .
Appendix E: Scalar-vector-tensor decomposition
By making use of the transverse operators, namely, T ij ≡ δij − ∂i∆−1∂j , we could decompose an arbitrary
spatial vector Ui to be
Ui = U
(T )
i + ∂iU
(S), (E1)
where the transverse part U
(T )
i and the longitudinal part U
(S) are defined as
U
(T )
i ≡ T ki Uk, (E2)
U (S) ≡ ∆−1∂iUi. (E3)
and ∆−1 is the inverse Laplacian operator.
For an arbitrary spatial tensor Sij , we could decompose it as [48, 49]
Sij = S
(H)
ij + 2δijS
(Ψ) + 2∂i∂jS
(E) + ∂jS
(C)
i + ∂iS
(C)
j , (E4)
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where we can define the tensor part S
(H)
ij , the vector part S
(C)
i and the scalar parts S
(Ψ), S(E) as
S
(H)
ij ≡
(T ki T lj − 12TijT kl)Skl, (E5)
S
(C)
i ≡ ∆−1∂lT ki Slk, (E6)
S(Ψ) ≡ 1
4
T klSkl, (E7)
S(E) ≡ 1
2
∆−1
(
∂k∆−1∂l − 1
2
T kl)Slk. (E8)
Here, (T ki T lj −TijT kl/2) denotes the transverse and traceless operator. Other kinds of decomposition can be
found in Refs. [41, 50].
Appendix F: Explicit expressions of Xµν
For a given Xµ, we express Xµν in terms of the first order metric perturbations by following Eq. (69). The
results are given by
X00 = 2
(2a˙
a
X0 +Xµ∂µ + 2∂0X
0
)(
2φ(1) − (∂0 + a˙
a
)X0
)
−2∂0Xi(2∂iB(1) + 2ν(1)i − δji∂0Xj + ∂iX0), (F1)
X0i = −
(
δkj (
2a˙
a
X0 +Xµ∂µ + ∂0X
0) + ∂jX
k
)
(2∂kB
(1) + 2ν
(1)
k − δlk∂0X l + ∂kX0)
−∂0Xk
(− 4ψ(1)δjk + 4∂j∂kE(1) + 2∂jC(1)k + 2∂kC(1)j + 2h(1)jk − (δjl∂k + δkl∂j)X l − 2a˙a δkjX0)
+2∂jX
0
(
2φ(1) − (∂0 + a˙
a
)X0
)
, (F2)
Xkl = −
(
δskδ
t
l (
2a˙
a
X0 +Xµ∂µ) + δ
s
k∂lX
t + δtl∂kX
s
)
(− 4ψ(1)δst + 4∂s∂tE(1) + 2∂tC(1)s + 2∂sC(1)t + 2h(1)st − (δsn∂t + δtn∂s)Xn − 2a˙a δstX0)
−(δsk∂lX0 + δsl ∂kX0)(2∂sB(1) + 2ν(1)s − δts∂0Xt + ∂sX0). (F3)
For Xµ in Eq. (37), we obtain Xµν to be
XN00 = 2
(2
a
∂0(a(∂0E
(1) −B(1))) + (∂0E(1) −B(1))∂0 + δik(C(1)k + ∂kE(1))∂i
)(
2φ(1)
−1
a
∂0(a(∂0E
(1) −B(1))))− 2δik∂0(C(1)k + ∂kE(1))(∂iB(1) + 2ν(1)i − ∂0C(1)i ), (F4)
XN0j = −
(
δkj
(2a˙
a
(∂0E
(1) −B(1)) + (∂0E(1) −B(1))∂0 + δik(C(1)k + ∂kE(1))∂i + ∂0(∂0E(1) −B(1))
)
+δks∂j(C
(1)
s + ∂sE
(1))
)
(∂kB
(1) + 2ν
(1)
k − ∂0C(1)k ) + 2∂j(∂0E(1) −B(1))
(
2φ(1)
−1
a
∂0(a(∂0E
(1) −B(1))))− δkl∂0(C(1)l + ∂lE(1))(− 2δjk(2ψ(1) + a˙a (∂0E(1) −B(1)))
+2∂j∂kE
(1) + ∂jC
(1)
k + ∂kC
(1)
j + 2h
(1)
jk
)
, (F5)
XNkl = −
(
δskδ
t
l
(2a˙
a
(∂0E
(1) −B(1)) + (∂0E(1) −B(1))∂0 + δik(C(1)k + ∂kE(1))∂i
)
+(δskδ
tw∂l + δ
t
l δ
sw∂k)(C
(1)
w + ∂wE
(1))
)(
− 2δst
(
2ψ(1) +
a˙
a
(∂0E
(1) −B(1)))+ 2∂s∂tE(1)
+∂sC
(1)
t + ∂tC
(1)
s + 2h
(1)
st
)
− (δsk∂l + δsl ∂k)(∂0E(1) −B(1))(∂sB(1) + 2ν(1)s − ∂0C(1)s ). (F6)
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For Xµ in Eq. (46), we have Xµν in the form of
XS00 = 2
(
2φ(1) +
1
a
∫
dη{aφ(1)}∂0 + δij
∫
dη
{
ν
(1)
i + ∂iB
(1) +
1
a
∫
dη′{a∂iφ(1)}
}
∂j
)
φ(1)
−2δij(ν(1)j + ∂jB(1) + 1a
∫
dη{a∂jφ(1)}
)
(∂iB
(1) + ν
(1)
i ), (F7)
XS0j = −
(
δkj
(
φ(1) +
a˙
a2
∫
dη{aφ(1)}+ 1
a
∫
dη{aφ(1)}∂0 + δij
∫
dη
{
ν
(1)
i + ∂iB
(1)
+
1
a
∫
dη′{a∂iφ(1)}
}
∂j
)
+ δlk∂j
∫
dη
{
ν
(1)
l + ∂lB
(1) +
1
a
∫
dη′{a∂lφ(1)}
})
(∂kB
(1) + ν
(1)
k )
+
2
a
φ(1)
∫
dη{a∂jφ(1)} − δik
(
ν
(1)
i + ∂iB
(1) +
1
a
∫
dη{a∂iφ(1)}
)(− 4ψ(1)δjk + 4∂j∂kE(1)
+2∂jC
(1)
k + 2∂kC
(1)
j + 2h
(1)
jk −
2a˙
a2
δkj
∫
dη{aφ(1)}
−(δsj∂k + δsk∂j)
∫
dη
{
ν(1)s + ∂sB
(1) +
1
a
∫
dη′{a∂sφ(1)}
})
, (F8)
XSkl = −
(
δskδ
t
l
(2a˙
a2
∫
dη{aφ(1)}+ 1
a
∫
dη{aφ(1)}∂0 + δij
∫
dη
{
ν
(1)
i + ∂iB
(1)
+
1
a
∫
dη′{a∂iφ(1)}
}
∂j
)
+ (δskδ
ti∂l + δ
t
l δ
si∂k)
∫
dη
{
ν
(1)
i + ∂iB
(1) +
1
a
∫
dη′{a∂iφ(1)}
})
(
− 4ψ(1)δst + 4∂s∂tE(1) + 2∂sC(1)t + 2∂tC(1)s + 2h(1)st
−(δns ∂t + δnt ∂s)
∫
dη
{
ν(1)n + ∂nB
(1) +
1
a
∫
dη′{a∂nφ(1)}
}− 2a˙
a2
δst
∫
dη{aφ(1)}
)
−1
a
(∂sB
(1) + ν(1)s )
∫
dη
{
a(δsk∂l + δ
s
l ∂k)φ
(1)
}
. (F9)
Appendix G: Transverse and traceless operator in momentum space
The transverse and traceless operator in configuration space is shown in the form of
Λlmij = T li T mj −
1
2
TijT lm
= (δli − ∂l∆−1∂i)(δmj − ∂m∆−1∂j)−
1
2
(δij − ∂i∆−1∂j)(δlm − ∂l∆−1∂m). (G1)
In momentum space, we could simply let ∂l → ikl. Eq. (G1) can be rewritten as
Λlmij =
(
δli −
klki
|k|2
)(
δmj −
kmkj
|k|2
)
− 1
2
(
δij − kikj|k|2
)(
δlm − k
lkm
|k|2
)
= (δli − nlni)(δmj − nmnj)−
1
2
(δij − ninj)(δlm − nlnm), (G2)
where we have let nl ≡ kl/|k| for simplicity.
The 3-dimensional momentum space can be spanned by a set of normalized orthogonal bases {ei, e¯i, ni}
which satisfy
eie
i = e¯ie¯
i = nin
i = 1,
eie¯
i = ein
i = e¯in
i = 0.
(G3)
The indices are raised and lowered via Kronecker delta δij , which can be written as
δji = eie
j + e¯ie¯
j + nin
j . (G4)
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Substituting Eq. (G4) into Eq. (G2), we can obtain
Λlmij = (eie
l + e¯ie¯
l)(eje
m + e¯j e¯
m)− 1
2
(eiej + e¯ie¯j)(e
lem + e¯le¯m)
= eieje
lem + eie¯je
le¯m + e¯iej e¯
lem + e¯ie¯j e¯
le¯m − 1
2
(eieje
lem + eiej e¯
le¯m + e¯ie¯je
lem + e¯ie¯j e¯
le¯m)
=
1
2
(eie¯je
le¯m + e¯ieje
le¯m + e¯iej e¯
lem + eie¯j e¯
lem) +
1
2
(eieje
lem − eiej e¯le¯m − e¯ie¯jelem − e¯ie¯j e¯le¯m)
=
1√
2
(eie¯j + e¯iej)
1√
2
(ele¯m + e¯lem) +
1√
2
(eiej − e¯ie¯j) 1√
2
(elem − e¯le¯m)
=: e×ije
×,lm + e+ije
+,lm, (G5)
where we define
e×ij ≡
1√
2
(eie¯j + e¯iej), (G6)
e+ij ≡
1√
2
(eiej − e¯ie¯j). (G7)
Here, e+ij and e
×
ij are called the transverse and traceless polarization tensors. They are widely used to study
the gravitational waves [49]. We note that the third equal in Eq. (G5) is established when Λlmij act on the
rank-two symmetric tensors.
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